Abstract. The parabolic Bergman space is the set of L p (λ)-solutions of the parabolic operator L (α) . In this paper, we study representing sequences on parabolic Bergman spaces. We establish a discrete version of the reproducing formula on parabolic Bergman spaces by using fractional derivatives of the fundamental solution of the parabolic operator.
Introduction
Let H be the upper half-space of the (n + 1)-dimensional Euclidean space R n+1 (n ≥ 1), that is, H = {(x, t) ∈ R n+1 ; x ∈ R n , t > 0}. For 0 < α ≤ 1, the parabolic operator L (α) is defined by
where ∂ t = ∂/∂t and ∆ x is the Laplacian with respect to x. Let C(H) be the set of all real-valued continuous functions on H. [9] . Also, we note that b p α (λ) = {0} when λ ≤ −1 (see Proposition 4.3 of [4] ).
Our aim of this paper is the study of representing sequences on parabolic Bergman spaces. In [3] , we established the reproducing formula on parabolic Bergman spaces by using fractional derivatives of the fundamental solution of the parabolic operator L (α) . The reproducing formula of [3] is given by the integral of parabolic Bergman functions (see Theorem A below). In this paper, we study a discrete version of the reproducing formula, which is given by representing sequences.
We give some notations. For a real number κ, let D κ t = (−∂ t ) κ be the fractional differential operator, and W (α) the fundamental solution of the parabolic operator L (α) (for the explicit definitions of D κ t and W (α) , see Section 2). In [3] , the following reproducing formula on b To state our main results, we give some definitions. Let 0 < α ≤ 1, 1 ≤ p < ∞, λ > −1, and κ be a real number. Furthermore, let X = {(x j , t j )} be a sequence in H. For a sequence of real numbers {η j }, we define a representing operator U (
The following theorems are the main results of this paper.
satisfies the condition (1) of Definition 1 if and only if for any 0 < δ < 1, there exists K ∈ N such that X = X 1 ∪ · · · ∪ X K and each sequence X i is δ-separated in the α-parabolic sense. The "if " part also holds when p = 1.
By Theorem 2 and the open mapping theorem, we obtain the following corollary.
be a real number. Then, there exists a sequence X = {(x j , t j )} in H such that the following properties hold:
, and there exists a constant C > 0 such that
This paper is constructed as follows. In Section 2, we present basic properties of parabolic Bergman functions. In Section 3, we study Carleson inequalities on parabolic Bergman spaces with fractional derivatives. The results of Carleson inequalities shall be used for the proof of Theorem 1. In Section 4, we give the proof of Theorem 1. In Section 5, we give our representation theorem, that is, we show Theorem 2. In Section 6, we give the definition of b Throughout this paper, we will denote by C a positive constant whose value may not necessarily be the same at each occurrence.
Preliminaries
In this section, we present preliminary results. We recall the definition of L (α) -harmonic functions. We describe the operator (−∆ x ) α . Since the case α = 1 is trivial, we only describe the case 0 < α < 1. For 0 < α < 1, (−∆ x ) α is the convolution operator defined by
where
. By (2.1) and the compactness of supp(ψ) (the support of ψ), there exist 0 < t 1 
We introduce the fundamental solution of
. We present definitions of fractional integral and differential operators. Let C(R + ) be the set of all continuous functions on R + = (0, ∞). For a positive real number κ, let FC −κ be the set of all functions φ ∈ C(R + ) such that there exists a constant ε > 0 with
we can define the fractional integral of φ with order κ by
, where ⌈κ⌉ is the smallest integer greater than or equal to κ. In particular, we will write FC 0 = C(R + ). For φ ∈ FC κ , we can also define the fractional derivative of φ with order κ by
Also, we define D 0 t φ = φ. We may often call both (2.3) and (2.4) the fractional derivative of φ with order κ. Moreover, we call D κ t the fractional differential operator with order κ.
We describe basic properties of fractional derivatives of the fundamental solution W (α) , which are given in [3] .
The following lemma is given by Theorem 3.1 of [3] . (
are well-defined, and
We also note that ∂ (
In [3] , we also give the lower estimate of fractional derivatives of 
, where ρ and C depend on n, α, β and κ.
We describe basic properties of fractional derivatives of parabolic Bergman functions.
Lemma 2.4 (Proposition 4.1 of [3]). Let
, then the following statements hold:
(2) Let ν be a real number such that κ + ν > −(
In [3] , the following reproducing formula on parabolic Bergman spaces is given, which is the generalization of Theorem A. 
Moreover, the reproducing formula (2.5) also holds when p = 1 and κ = λ + 1.
We need the following duality theorem on parabolic Bergman spaces, which is used in Section 4. 
In the proof of (1) of Theorem 3.1 of [4] , the authors show the following result, which is used in our argument.
Then, there exists a constant C > 0 such that
Carleson inequalities with fractional derivatives
Let γ ∈ N n 0 and ν, ρ, σ ∈ R. We say that a positive Borel measure µ on H satisfies a Carleson inequality on b p α (λ) with fractional derivatives if there exists a constant C > 0 such that
In this section, we study the Carleson inequalities on b p α (λ) with fractional derivatives. A result obtained by the study of the Carleson inequalities on b p α (λ) should be used for the proof of Theorem 1. First, we show the following lemma, which is an important tool for the proof of the main theorem in this section.
Proof. Let (x, t) ∈ H be fixed. For a multi-index γ = (γ 1 , . . . , γ n ) ∈ Z n and m ∈ Z, we define Q γ,m by
Then, {Q γ,m } is a set of α-parabolic Carleson boxes, and
By elementary calculations, we have
Thus, this completes the proof. □
If µ is the Lebesgue volume measure V on H, then there exists a constant
+1 for all (x, t) ∈ H. Therefore by Lemma 3.1, we have the following corollary. 
In order to prove the main theorem of this section, we also give the following lemma. 
If there exists a constant M > 0 such that
for all (y, s) ∈ H, then there exists a constant C > 0 such that
. Differentiating through the integral (2.5), Lemma 2.5 and the Fubini theorem imply that
We show (3.1) when 1 < p < ∞. Let q be the exponent conjugate to p. Then by (3) and the Hölder inequality, we have
for all (x, t) ∈ H. Hence by the Fubini theorem, we obtain ∫
Because F p (y, s) ≤ M for all (y, s) ∈ H, we conclude (3.1) when 1 < p < ∞. We show (3.1) when p = 1. By (3) and the Fubini theorem, we have ∫
Because (1) There exists a constant C 1 > 0 such that
Proof.
(1) ⇒ (3). We assume that µ satisfies (3.3) of (1). Let κ be a real number such that 
Let (y, s) ∈ H be fixed. And we put u(x, t)
Moreover, since σ > −1 and κ > ( n 2α + σ + 1 
for all (y, s) ∈ H. Hence by (3.4) and (3.5), we obtain
Since s is arbitrary, we can get the inequality of (3). (3) ⇒ (1). We assume that µ satisfies the inequality of (3). It suffices to show that the conditions of Lemma 3.3 are satisfied. We put ε = n 2α + σ + 1 + ( |γ| 2α + ν − ρ)p. Furthermore, let η and κ be real numbers which satisfy
Also, we put
Then, we have
and
Therefore by (1) 
Boundedness of the representing operator
In this section, we study the boundedness of the representing operator U κ p,X defined in Section 1. In Theorem 4.3 below, we give the proof of Theorem 1. First, we introduce the following operator, which is used in our argument. Let 0 < α ≤ 1, 1 ≤ p < ∞, and λ > −1. Furthermore, let γ ∈ N n 0 , ν ∈ R, and X = {(x j , t j )} be a sequence in H. For a function u on H, the operator T
The following lemma is necessary and sufficient conditions for the operator T (
δ Xj , where δ Xj denotes a Dirac measure at the point X j . Then we have
δ (y, s), then we have
where A ≈ B means C −1 A ≤ B ≤ CA for some C > 0. Hence the equivalence (1) ⇔ (2) immediately follows from Theorem 3.4.
The equivalence (2) ⇔ (3) ⇔ (4) is already given in Theorem 1 of [7] . Thus, this completes the proof. □
Proof. Let θ > −1 and c > 0. We consider the following:
where B n is the volume of the unit ball in R n . Moreover, if (z, r) ∈ S (α) δ (y, s), then we have
Hence, we obtain ∫
This completes the proof. □
We extend the definition of the representing operator U κ p,X in Section 1. Let 0 < α ≤ 1, 1 ≤ p < ∞, and λ > −1. Furthermore, let β ∈ N n 0 , κ ∈ R, and X = {(x j , t j )} be a sequence in H. For a sequence of real numbers {η j }, we define a representing operator U
The following theorem gives necessary and sufficient conditions for the representing operator U (
Moreover, (2) ⇒ (1) holds when p = 1.
Proof. 
By a change of variable y = 2x j − z, we have
where v(z, s) = u(2x j − z, s). Differentiating through the integral, Lemma 2.5 implies that
Therefore, we obtain
Hence we have
. Therefore by Lemma 4.1, we obtain the implication (1) ⇒ (2).
(2) ⇒ (1). We may assume that the sequence X in H is δ-separated in the α-parabolic sense. Let {η j } ∈ ℓ p and (x, t) ∈ H. By Lemmas 2.1 and 4.2, we
and χ j is the characteristic function of S
is bounded when 1 < p < ∞. Let q be the exponent conjugate to p. And we take a real number c such that
By the Hölder inequality, we obtain
Since c satisfies the condition (4.2), Corollary 3.2 implies that (4.5)
Finally, we show that U
Therefore by (3) of Lemma 2.1, U
Thus, we can get the statement (1) when 1 ≤ p < ∞. This completes the proof. □
Representing sequences on parabolic Bergman spaces
In this section, we study representing sequences on b p α (λ). In Theorem 5.3 below, we give the proof of Theorem 2. First, we present the following lemma, which is used in the proof of Lemma 5.2 below. is the operator defined in Section 2. Therefore by Lemma 2.7, there exists a constant C > 0 independent of δ such that
We estimate the function Π 2 . Lemma 2.1 implies that dV (z, r)
